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including negative-energy bound states
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We develop a relativistic model to describe the bound states of negative
energy in ﬁnite nuclei. Instead of searching for the negative-energy solu-
tion of the nucleon’s Dirac equation, we solve the Dirac equations for the
nucleon and the anti-nucleon simultaneously. The single-particle energies
of negative-energy nucleons are obtained through changing the sign of the
single-particle energies of positive-energy anti-nucleons. The contributions
of the Dirac sea to the source terms of the meson ﬁelds are evaluated by
means of the derivative expansion up to the leading derivative order for the
one-meson loop and one-nucleon loop.
PACS number(s): 21.60.-n; 21.10.-k
1I. INTRODUCTION
The extension of the periodic system has a long history in chemistry and physics.
Particularly at the end of the sixties and the beginning of the seventies, the time when
heavy-ion collisions had its advent, the idea of super-heavy elements emerged. Besides
the extension of the periodic system to the islands of super-heavy nuclei within the proton
Z- and neutron N-axis, there exist two fascinating direction, i.e., to extend Z and N into
the negative sector, ¯ Z and ¯ N, and into the multistrangeness dimension. The ﬁrst idea
was put forward in detail in Ref. [1] where a collective anti-matter production mechanism
was proposed. The main physical considerations are the following: In the relativistic
treatment of nuclear phenomena, one uses the Dirac equation to describe nucleons in
nuclei
[α   p + β(MN + S) + V ]Ψ = EΨ. (1)
Here S and V are the scalar and time-like vector potentials acting on nucleons in the
nuclear medium. In the simplest version of relativistic mean ﬁeld theory the scalar and
vector interaction are mediated by the sigma- and omega-meson exchange, respectively.
The Dirac equation has two solutions, i.e., the positive-energy solution and the negative-
energy solution. For the positive-energy solution, the nucleon central potential Ucen ∼
V + S while for the negative-energy solution, due to the “G-parity” 1, the central anti-
matter potential becomes ¯ Ucen ∼ −V + S. Relativistic mean-ﬁeld (RMF) calculations
in nuclear matter predict V ∼ 300 MeV and S ∼ −350 MeV [2]. In these calculations
the vacuum contributions have been neglected and the deﬁnite values of V and S are
parameter-dependent. If these two values for V and S are inserted into the formulae
1The “G-parity” is an internal symmetry of the exchanged mesons in strong interactions, which
connects the NN potential U(NN) =
 
m Vm to the N ¯ N potential U(N ¯ N) =
 
m G(m)Vm. G
is the combination of the isospin symmetry and the C-conjugation rule and is usually deﬁned
as G = C exp(−iπI2). In particular, G(σ) = G(ρ) = 1 and G(ω) = G(π) = −1.
2of the central potentials, one immediately obtains Ucen ∼ −50 MeV and ¯ Ucen ∼ −650
MeV. Therefore, the bound states of negative energy might be much deeper than the
bound states of positive energy, although the exact potential depth of the bound states of
negative energy has not been experimentally veriﬁed up to now. Furthermore, the vector
potential V increases linearly with increasing of density. In violent relativistic heavy-ion
collisions, the density may become very large, ρ ∼ 5 − 10ρ0. The potential of nucleons
of negative energy (i.e., the anti-nucleons), may become larger than twice the nucleon’s
free mass with increasing density. Then, nucleons may be spontaneously emitted [3]. But
nucleons will also be emitted due to the dynamics, i.e., due to the time dependent change
of their orbitals, i.e., due to the Fourier frequencies of the time dependent potentials and
complex scatterings in the violent compression processes of a heavy-ion collision, and also
due to temperature built-up in such violent encounters. These can create a great number
of nucleon holes (i.e., anti-nucleons) in bound states. Then, ”clusters” of holes (anti-
nucleons) are distributed over shell-model-like orbitals. They are bound by the meson
ﬁelds created by the compressed matter. They are, so to speak, prepared collectively
for fusion into anti-matter clusters. Again, due to the Fourier frequencies of the violent
nucleus-nucleus dynamics during and after the encounter, these anti-matter clusters can
be kicked into the anti-cluster continuum, i.e., the negative-energy continuum, and may
escape collectively out of the reaction zone. Another possible mechanism for anti-matter
cluster escaping from the reaction zone is due to the space-time dependent event by event
ﬂuctuations of N-body phase space of anti-nucleons which is not a smooth distribution
function as in the case of 1-body calculations. Such collective creation processes of anti-
matter clusters have a high potential to increase the probability for the production of light
anti-matter clusters than the standard processes of particle scattering and coalescence.
To realize the above theoretical conjecture for the production of anti-nuclei, – and
analogously also for multi-Λ, multi-¯ Λ nuclei, one should answer at least three questions in
a rigorous way both from the theoretical side and the experimental side: Firstly, how deep
are the bound states of negative energy (i.e., the bound states of anti-nucleons) in nuclei?
Secondly, how does the potential of anti-nucleons increase with the increase of density
3during the violent relativistic heavy-ion collisions and what is the dynamical production
procedure for the anti-matter clusters? Thirdly, can we really have stable or meta-stable
(heavy) anti-nuclei? In this work, we build a model to deal with the ﬁrst question, which
might be extended to answer the third question as well in the future.
It is well known that relativistic mean-ﬁeld theory had great success in describing
the ground states of ﬁnite nuclei, i.e., the bound states of positive energy [4–6]. In this
model, one usually considers only the positive-energy solution of the Dirac equation and
neglects the contributions from the vacuum (the so-called no sea approximation). With the
parameters obtained as providing the best-ﬁt to the properties of spherical nuclei, such as
NL1 [4] and TM1 [7] parameter sets, the model describes well the ground-state properties
of spherical nuclei as well as the deformation properties of even-even nuclei. Extensive
investigation of various parameter sets in connection with predicting shells for superheavy
nuclei have recently been given in Ref. [8]. However, this all has been done in the no-
sea approximation and without vacuum corrections. The later, the eﬀects of quantum
corrections, i.e., the vacuum contributions and their eﬀects on the bound states of positive
energy were investigated by several authors [9–13] within the local density approximation
for the one-nucleon loop, the one-meson loop and for the derivative expansion for the one-
nucleon loop only (in a chiral model, loop corrections have been investigated in nuclear
matter e.g., in Ref. [14]). The relativistic mean-ﬁeld approximation is extended to the
relativistic Hartree approximation (RHA). In that version, i.e., RHA, the parameters are
ﬁtted to the saturation properties of nuclear matter as well as the rms charge radius in
40Ca. The best-ﬁt procedure within RHA to the properties of spherical nuclei has not been
performed yet. In these preliminary studies it is found that the vacuum contributions do
not improve the systematics of nuclei over RMF but the scalar density is decreased in
the interior of nuclei. It, in turn, will cause the decrease of the scalar ﬁeld S because
the scalar ﬁeld is coupled to the scalar density. Correspondingly, the vector ﬁeld V will
also decrease since the value V + S is controlled by the saturation properties. Therefore,
even if the vacuum corrections may not cause signiﬁcant diﬀerence to the bound states
of positive energy after reﬁtting the parameters, they should have strong inﬂuence on the
4bound states of negative energy which are sensitive to the sum of scalar and vector ﬁeld
−V + S rather than the cancelation V + S (remember: V is positive, S is negative!).
In the present paper we will develop a relativistic Hartree approach for the bound
states of negative energy in ﬁnite nuclei. The wave functions of the nucleons with positive
energy are used to calculate the contributions of the valence nucleons. In principle, one
should also use the wave functions of the anti-nucleons to evaluate the contributions of
the bound states emerging from the Dirac sea. Considering the diﬃculties caused by the
large number of anti-nucleons in bound states in any practical numerical procedure, we
will employ the technique of derivative expansion developed in Ref. [15] to compute the
eﬀects of the Dirac sea, including the contributions of the one-nucleon loop as well as the
one-meson loop. The paper is organized as follows: In Sect. II we introduce the eﬀective
Lagrangean used here. In Sect. III the plane-wave solutions of the Dirac equation in
homogeneous nuclear matter are discussed. In Sect. IV we constitute the RHA approach
for the bound states of negative energy. Finally, a summary and outlook is given in Sect.
V.
II. EFFECTIVE LAGRANGIAN
We start from the Lagrangian density for nucleons interacting through the exchange
of mesons [2,4,5]
L = LF + LI. (2)
Here LF is the Lagrangian density for free nucleon, mesons and photon
LF = ¯ ψ[iγµ∂
µ − MN]ψ +
1
2
∂µσ∂
µσ − U(σ) −
1
4
ωµνω
µν
+
1
2
m
2
ωωµω
µ −
1
4
RµνR
µν +
1
2
m
2
ρRµ   R
µ −
1
4
AµνA
µν (3)
and U(σ) is the self-interaction part of the scalar ﬁeld [16]
U(σ) =
1
2
m
2
σσ
2 +
1
3!
bσ
3 +
1
4!
cσ
4. (4)
In the above expressions ψ is the Dirac spinor of the nucleon; σ, ωµ, Rµ and Aµ represent
the scalar meson, vector meson, isovector-vector meson ﬁeld and the electromagnetic ﬁeld,
5respectively. Here the ﬁeld tensors for the omega, rho and photon are given in terms of
their potentials by
ωµν = ∂µων − ∂νωµ, (5)
Rµν = ∂µRν − ∂νRµ, (6)
Aµν = ∂µAν − ∂νAµ. (7)
LI is the interaction Lagrangian density
LI = gσ ¯ ψψσ − gω ¯ ψγµψω
µ −
1
2
gρ ¯ ψγµτ   ψR
µ −
1
2
e¯ ψ(1 + τ0)γµψA
µ. (8)
Here τ is the isospin operator of the nucleon and τ0 is its third component. gσ, gω, gρ
and e2/4π = 1/137 are the coupling strengths for the σ-, ω-, ρ-meson and for the photon,
respectively. MN is the free nucleon mass and mσ, mω, mρ are the masses of the σ-,
ω-, and ρ-meson. For simplicity, in the following discussions we consider the σ- and ω-
exchange explicitly. The relevant formulae for the ρ-exchange and the electromagnetic
ﬁeld can be obtained in a straightforward way after calculating the ω-exchange. The
detailed expressions for all these meson ﬁelds and the electromagnetic ﬁeld will be given
at the end.
II. PLANE-WAVE SOLUTIONS OF THE DIRAC EQUATION IN STATIC
NUCLEAR MATTER
From the eﬀective Lagrangian given in the above section, we obtain the Dirac equation
[iγµ∂
µ − gωγµω
µ − MN + gσσ]ψ = 0. (9)
In static nuclear matter, this reads
i
∂
∂t
ψ = [−iα   ∇ + gωω0 + β(MN − gσσ)]ψ. (10)
We know that Eq. (10) has two solutions, i.e., the positive-energy solution E+ and the
negative-energy solution E−, which satisfy the following equations
6(E+ − gωω0)U(p) = [α   p + β (MN − gσσ)]U(p), (11)
(E− − gωω0)V(−p) = [α   p + β (MN − gσσ)]V(−p). (12)
Here U(p) and V(p) are two spinors [17]
U(p) = N



χσ
σ p
E∗(p)+m∗χσ


 V(p) = N



σ p
E∗(p)+m∗χσ
χσ


, (13)
where N is the normalization factor and
m
∗ = MN − gσσ, (14)
E
∗(p) =
 
p2 + m∗2. (15)
Deﬁning the eﬀective positive-energy E∗
+ and the eﬀective negative-energy E∗
− as
E
∗
+ = E+ − gωω0 E
∗
− = E− − gωω0, (16)
together with Eqs. (11) ∼ (13) one can perform calculations similar to the free Dirac
equation and obtains
E
∗
+ = E
∗(p) E
∗
− = −E
∗(p). (17)
Therefore,
E+ =
 
p2 + m∗2 + gωω0, (18)
E− = −
 
p2 + m∗2 + gωω0. (19)
The wave packet ψ can be expanded according to the plane waves of positive energy and
negative energy as
ψ(x,t) =
  d3p
(2π)3/2
 
m∗
E∗(p)
 1/2  
±s
 
bp,sU(p,s)e
ip x−iE+t + d
+
p,sV(−p,s)e
ip x−iE−t
 
. (20)
The coeﬃcient bp,s are the probability amplitudes for waves with positive energy, whereas
d+
p,s are those for negative energy. Both the nucleons with positive energy and negative
energy transport forward in time. According to the Dirac’s hole theory, each particle
7has its partner anti-particle which transports backward in time. One can write down the
corresponding equations for the anti-nucleons which have the opposite signs for the energy
and momentum term compared to the eigenequations of the nucleons
−
 
¯ E+ + gωω0
 
V(p) = [−α   p + β (MN − gσσ)]V(p), (21)
−
 
¯ E− + gωω0
 
U(−p) = [−α   p + β (MN − gσσ)]U(−p). (22)
Here ¯ E+, ¯ E− are the positive energy and negative energy of the anti-nucleon and V(p),
U(−p) are their corresponding eigenfunctions, respectively. Again, we deﬁne the eﬀective
positive-energy ¯ E∗
+ and the eﬀective negative-energy ¯ E∗
− of the anti-nucleon as
¯ E
∗
+ = ¯ E+ + gωω0 ¯ E
∗
− = ¯ E− + gωω0. (23)
With the spinors of Eq. (13) we obtain
¯ E
∗
+ = E
∗(p) ¯ E
∗
− = −E
∗(p) (24)
and
¯ E+ =
 
p2 + m∗2 − gωω0, (25)
¯ E− = −
 
p2 + m∗2 − gωω0. (26)
From Eqs. (18), (19) and (25) , (26) one can easily ﬁnd the relations
¯ E+ = −E− ¯ E− = −E+. (27)
Thus, in order to obtain the full spectrum of the Dirac equation, one can solve the
equations for the nucleon with positive energy and negative energy, i.e., Eqs. (11) and
(12). Alternatively, one can solve the Dirac equations for the nucleon and the anti-nucleon
but both of them with positive energy, i.e., Eqs. (11) and (21). The wave packet ψ can
also be expanded according to the plane waves of the nucleon and the anti-nucleon as
ψ(x,t) =
  d3p
(2π)3/2
 
m∗
E∗(p)
 1/2  
±s
 
bp,sU(p,s)e
ip x−iE+t + d
+
p,sV(p,s)e
−ip x+i ¯ E+t
 
. (28)
8Here now both the nucleon as well as the anti-nucleon have positive energy. The nucleon
transports forward in time while the anti-nucleon transports backward in time which can
be seen from the sign of time in exponential functions. In relativistic quantum ﬁeld theory,
b+
p,s and d+
p,s are explained as the creation operators for the nucleon and the anti-nucleon,
respectively. This is the main strategy which will be used in our following considerations
for ﬁnite nuclei. Instead of searching for two solutions with positive energy and negative
energy for the Dirac equation of the nucleon, we solve the Dirac equations for the nucleon
and the anti-nucleon simultaneously. For each equation we look for only one solution,
that is, the positive-energy solution.
When the negative energy of the nucleon E− is larger than the nucleon free mass,
the system becomes unstable with respect to the nucleon–anti-nucleon pair creation. At
zero-momentum, one has the critical condition
gσσ + gωω0 = 2MN, (29)
that is,
V − S = 2MN (30)
if one deﬁnes
S = −gσσ V = gωω0. (31)
IV. RELATIVISTIC HARTREE APPROXIMATION OF FINITE NUCLEI
In ﬁnite nuclei the meson ﬁelds in Eq. (10) are space-dependent. The ﬁeld operator
of the Dirac equation can be written as
ψ(x,t) =
 
α
 
bαψα(x)e
−iEαt + d
+
αψ
a
α(x)e
i ¯ Eαt
 
. (32)
Here the label α denotes the full set of single-particle quantum numbers. ψα(x) are the
wave functions of nucleons and ψa
α(x) are those of anti-nucleons; Eα and ¯ Eα are their
positive energies, respectively. b+
α and d+
α are nucleon and anti-nucleon creation operators
9that satisfy the standard anticommutation relations. We assume that the meson ﬁelds
depend only on the radius and discuss the problem in spherically symmetric nuclei. In this
case, the usual angular momentum and parity are good quantum numbers. As described
in Refs. [17,18], eigenfunctions of the angular momentum and the parity operator are the
well-known spherical spinors. We make the following ansatz for the wave functions of
nucleons
ψα(x) =



i
Gα(r)
r Ωjlm(r
r)
Fα(r)
r
σ r
r Ωjlm(r
r)


 (33)
and anti-nucleons
ψ
a
α(x) =



¯ Fα(r)
r
σ r
r Ωjlm(r
r)
i
¯ Gα(r)
r Ωjlm(r
r)


. (34)
Here Ωjlm are the spherical spinors deﬁned as [17]
Ωjlm =
 
m′ms
 
l
1
2
j | m
′msm
 
Ylm′χ1
2ms, (35)
Ylm′ are the spherical harmonics and χ1
2ms are the eigenfunctions of the spin operators.
Gα, Fα and ¯ Fα, ¯ Gα are the remaining real radial wave functions of nucleons and anti-
nucleons for upper and lower components, respectively. Applying the parity operator
ˆ P = eiφβ ˆ P0, ˆ P0 changes x into −x, to Eqs. (33) and (34), one can easily ﬁnd that the
ψα(x) has the opposite eigenvalue of parity, (−1)l, to the ψa
α(x), (−1)l+1, as it should be
[17].
Inserting Eqs. (33) and (34) into Eq. (10) (σ → σ(r) and ω0 → ω0(r)), we obtain the
coupled radial wave functions for the nucleon
EαGα(r) =
 
−
d
dr
+
kα
r
 
Fα(r) + (MN − gσσ(r) + gωω0(r))Gα(r), (36)
EαFα(r) =
 
d
dr
+
kα
r
 
Gα(r) + (−MN + gσσ(r) + gωω0(r))Fα(r) (37)
and the anti-nucleon
− ¯ Eα ¯ Fα(r) =
 
d
dr
+
kα
r
 
¯ Gα(r) + (MN − gσσ(r) + gωω0(r)) ¯ Fα(r), (38)
− ¯ Eα ¯ Gα(r) =
 
−
d
dr
+
kα
r
 
¯ Fα(r) + (−MN + gσσ(r) + gωω0(r)) ¯ Gα(r) (39)
10respectively, where
kα =

 
 
−(l + 1) for j = l +
1
2
l for j = l − 1
2
. (40)
In order to resemble Schr¨ odinger equations for the Dirac equations, we eliminate the small
components. For the nucleon we eliminate the lower component while for the anti-nucleon
the upper component. By deﬁning the Schr¨ odinger equivalent eﬀective mass and potential
of the nucleon
Meff = Eα − gωω0(r) + MN − gσσ(r), (41)
Ueff = MN − gσσ(r) + gωω0(r) (42)
and the anti-nucleon
¯ Meff = ¯ Eα + gωω0(r) + MN − gσσ(r), (43)
¯ Ueff = MN − gσσ(r) − gωω0(r), (44)
we arrive at the Schr¨ odinger equations for the upper component of the nucleon’s wave
function
EαGα(r) =
 
−
d
dr
+
kα
r
 
M
−1
eff
 
d
dr
+
kα
r
 
Gα(r) + UeffGα(r) (45)
and the lower component of the anti-nucleon’s wave function
¯ Eα ¯ Gα(r) =
 
−
d
dr
+
kα
r
 
¯ M
−1
eff
 
d
dr
+
kα
r
 
¯ Gα(r) + ¯ Ueff ¯ Gα(r). (46)
The small components can be obtained through the following relations
Fα(r) = M
−1
eff
 
d
dr
+
kα
r
 
Gα(r), (47)
¯ Fα(r) = − ¯ M
−1
eff
 
d
dr
+
kα
r
 
¯ Gα(r). (48)
Of course, the radial wave functions are normalized
  ∞
0
dr
 
| Gα(r) |
2 + | Fα(r) |
2
 
= 1, (49)
  ∞
0
dr
 
| ¯ Gα(r) |
2 + | ¯ Fα(r) |
2
 
= 1. (50)
11From Eqs. (45) and (46) one ﬁnds that the Schr¨ odinger equation of the anti-nucleon
has the same form as that of the nucleon. The only diﬀerence relies on the deﬁnition of
the eﬀective mass and potential, that is, the vector ﬁeld changes its sign. The so-called
G-parity comes out automatically. Eqs. (45) and (46) can be solved numerically by the
standard technique as described in Ref. [4]. The single-particle energy of the nucleon and
the anti-nucleon can be written as
Eα =
  ∞
0
dr{Gα(r)
 
−
d
dr
+
kα
r
 
Fα(r) + Fα(r)
 
d
dr
+
kα
r
 
Gα(r)
+Gα(r)UeffGα(r) − Fα(r)(Meff − Eα)Fα(r)}, (51)
¯ Eα =
  ∞
0
dr{− ¯ Gα(r)
 
−
d
dr
+
kα
r
 
¯ Fα(r) − ¯ Fα(r)
 
d
dr
+
kα
r
 
¯ Gα(r)
+ ¯ Gα(r)¯ Ueff ¯ Gα(r) − ¯ Fα(r)
 
¯ Meff − ¯ Eα
 
¯ Fα(r)}, (52)
which are obtained through the iteration procedure. The negative energies of nucleons
are just the minus sign of ¯ Eα.
The meson ﬁelds in Eqs. (41 ) ∼ (44) are determined by the Laplace equations
 
∇
2 − m
2
σ
 
σ(r) = −gσρS(r) +
1
2
bσ
2 +
1
3!
cσ
3, (53)
 
∇
2 − m
2
ω
 
ω0(r) = −gωρ0(r), (54)
where
ρS(r) =
+∞  
i=−∞
¯ ψiψi + CT, (55)
ρ0(r) =
+∞  
i=−∞
ψ
+
i ψi + CT. (56)
The CT are the counterterms. The sums in Eqs. (55) and (56) run over the full spectrum
of the Dirac equation: the negative-energy continuum (the positive-energy continuum
of the anti-nucleon), some negative-energy bound states (positive-energy bound states of
the anti-nucleon), the positive-energy bound states which correspond to the usual nucleon
shell model states and the positive-energy continuum.
Let us ﬁrst assume that the positive-energy continuum and the negative-energy con-
tinuum together with the contributions of the counter terms will yield ﬁnite terms for
∆ρS(r) and ∆ρ0(r). The scalar and baryon density can then be expressed as
12ρS(r) =
1
4πr2
 
α
wα(2jα + 1)(G
2
α(r) − F
2
α(r))
+
1
4πr2
 
β
wβ(2jβ + 1)( ¯ G
2
β(r) − ¯ F
2
β(r)) + ∆ρS(r), (57)
ρ0(r) =
1
4πr2
 
α
wα(2jα + 1)(G
2
α(r) + F
2
α(r))
−
1
4πr2
 
β
wβ(2jβ + 1)( ¯ G
2
β(r) + ¯ F
2
β(r)) − ∆ρ0(r), (58)
where wα, wβ are the occupation numbers. The ﬁrst terms on the right-hand-side of
Eqs. (57) and (58) denote the contributions of the shell model states while the second
terms represent the contributions of the bound states of negative energy. If one thinks
about that there might exist twenty thousand nucleons in the bound states of negative
energy, it is obviously not practical to compute the contributions of those bound states
through evaluating their wave functions. Fortunately, a rather elegant technique has been
developed by several authors [15], which takes into account the vacuum contributions to
the source term of the meson ﬁelds in ﬁnite nuclei. Let us write
ρS(r) = ρ
val
S (r) + ρ
sea
S (r), (59)
ρ0(r) = ρ
val
0 (r) + ρ
sea
0 (r), (60)
where ρval
S (r) and ρval
0 (r) are just the ﬁrst terms on the right-hand-side of Eqs. (57) and
(58). ρsea
S (r) and ρsea
0 (r) are the contributions of the vacuum, including the bound states
and the continuum as well as the counterterm contributions. Originally, vacuum correc-
tions for ﬁnite nuclei (in one-loop approximation) were included only in a local density
approximation [2]. Later on, Perry [10] and Wasson [11] considered derivative corrections
to the nuclear matter results. It was found that the leading derivative correction is of the
same order of magnitude as the eﬀective potential (i.e., the nuclear matter results) while
the next-order derivative correction is two or three orders of magnitude smaller than the
leading order. That means that the derivative expansion converges rapidly. Since we
include the non-linear self-interaction of the scalar ﬁeld in the model, the contributions
of the one-meson loop from the scalar meson should be taken into account in addition to
the one-nucleon loop. The contributions of the one-meson loop have been calculated in
13Ref. [12] up to the eﬀective potential term. Here this is extended to include the leading
derivative correction.
The eﬀective action of the system at the one-loop level can be written as
Γ =
 
d
4x
 1
2
∂µσ∂
µσ − U(σ) −
1
4
ωµνω
µν +
1
2
m
2
ωωµω
µ + CT
 
+ Γvalence + Γ
(1)(σ) + Γ
(1)(ψ).
(61)
Here Γvalence is the contribution from the valence nucleons, which for time independent
background ﬁelds is just minus the energy of the valence nucleons. Γ(1)(σ) and Γ(1)(ψ)
represent the contributions of the Dirac sea stemming from the one-meson loop and one-
nucleon loop, respectively. They are deﬁned as [19]
Γ
(1)(σ) =
i
2
¯ hTrln
 
P
2 − (m
2
σ + bσ +
1
2
cσ
2)
 
, (62)
Γ
(1)(ψ) = −i¯ hTrln[ P − m
∗ − gω  ω], (63)
where the trace is over spatial and internal variables. Γ(1)(σ) and Γ(1)(ψ) can be expanded
in powers of the derivatives of the scalar and vector ﬁelds. Using Lorentz invariance one
can determine the functional Taylor series as
Γ
(1)(σ) =
 
d
4x
 
−V
(1)
B (σ) +
1
2
Z
(1)(σ)(∂µσ)
2 + Y
(1)(σ)(∂µσ)
4 + ...
 
, (64)
Γ
(1)(ψ) =
 
d
4x
 
−V
(1)
F (σ) +
1
2
Z
(1)
1σ (σ)(∂µσ)
2 +
1
4
Z
(1)
1ω (σ)ωµνω
µν + ...
 
. (65)
Here V
(1)
B (σ) and V
(1)
F (σ) are the eﬀective potentials from the one-boson loop and one-
fermion loop, in which the ﬁeld is a constant, σ(x) = σ0, the same situation as in nuclear
matter. These two terms contain divergent part and should be renormalized. Through
adding the suitable counterterms, V
(1)
B (σ) and V
(1)
F (σ) can be evaluated in nuclear matter
which turn out to be [20,2]
V
(1)
B (σ) =
m4
σ
(8π)2


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σ
+
cσ2
2m2
σ
 2
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 2
−
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3
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σ
 2  
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σ
+
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2m2
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+
1
12
 
bσ
m2
σ
 4
, (66)
14V
(1)
F (σ) = −
1
4π2
 
(MN − gσσ)
4 ln
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MN
 
+ M
3
Ngσσ −
7
2
M
2
Ng
2
σσ
2
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13
3
MNg
3
σσ
3 −
25
12
g
4
σσ
4
 
. (67)
As discussed above, the derivative expansion converges rapidly. Thus, here we consider
only the lowest order derivative terms in Eqs. (64) and (65). By means of the tech-
nique developed in Ref. [15], one can determine the functional coeﬃcients of the leading
derivative correction, which read
Z
(1)(σ) =
1
12
(b + cσ)2
16π2(m2
σ + bσ + 1
2cσ2)
, (68)
Z
(1)
1σ (σ) = −
g2
σ
2π2 ln
  m∗
MN
 
, (69)
Z
(1)
1ω (σ) =
g2
ω
3π2 ln
  m∗
MN
 
. (70)
The above expressions are ﬁnite, and independent of any renormalization conditions. The
divergent integral appearing in Γ(1)(σ) and Γ(1)(ψ) are included in the eﬀective potential
terms of V
(1)
B (σ) and V
(1)
F (σ). The equations of meson ﬁelds, i.e., Eqs. (53) and (54),
can be obtained through minimizing the eﬀective action of Eq. (61) with respect to the
corresponding ﬁelds. With the deﬁnitions of Eqs. (57) ∼ (60), Γvalence contributes to
the ρval
S (r) and ρval
0 (r) while Γ(1)(σ) and Γ(1)(ψ) contribute to the ρsea
S (r) and ρsea
0 (r).
Inserting Eqs. (64) ∼ (70) into Eq. (61) and minimizing the eﬀective action, one obtains
the concrete expressions of ρsea
S (r) and ρsea
0 (r) which read
ρ
sea
S (r) = −
1
gσ
∂
∂σ
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2 +
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2, (71)
ρ
sea
0 (r) = −
gω
3π2∇   ln
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∇ω0, (72)
where
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(74)
and
∂Z(1)(σ)
∂σ
=
1
192π2
 
2c(b + cσ)
(m2
σ + bσ +
1
2cσ2)
−
(b + cσ)3
(m2
σ + bσ +
1
2cσ2)2
 
. (75)
Note that ρsea
0 (r) is a total derivative and thus the baryon number is conserved.
To include the contributions of the ρ-exchange and the electromagnetic ﬁeld, in Eqs.
(41) and (42) we make a replacement of
gωω0(r) −→ gωω0(r) +
1
2
gρτ0αR0,0(r) +
1
2
e(1 + τ0α)A0(r)
and in Eqs. (43) and (44)
gωω0(r) −→ gωω0(r) −
1
2
gρτ0αR0,0(r) +
1
2
e(1 + τ0α)A0(r).
Here we have deﬁned that the anti-particle has the same isospin factor as the correspond-
ing particle. Note that the G-parity of ρ-meson is positive. The ﬁeld equations of the
ρ-meson and the photon read
(∇
2 − m
2
ρ)R0,0(r) = −
1
2
gρ(ρ
val
0,0(r) + ρ
sea
0,0(r)), (76)
∇
2A0(r) = −e(ρ
val
Pr,0(r) + ρ
sea
Pr,0(r)). (77)
We assume isospin-symmetry in the bound states of negative energy, therefore, ρsea
0,0(r) = 0.
Other densities appearing in Eqs. (76) and (77) can be calculated with the same steps as
given above. At the end we obtain
ρ
val
0,0(r) =
1
4πr2
 
α
wα(2jα + 1)τ0α(G
2
α(r) + F
2
α(r)), (78)
ρ
val
Pr,0(r) =
1
2
(ρ
val
0 (r) + ρ
val
0,0(r)), (79)
ρ
sea
Pr,0(r) = −
e
6π2∇   ln
  m∗
MN
 
∇A0(r). (80)
If one includes the ρ-exchange and the electromagnetic ﬁeld in Eq. (63), a term
16e2
12π2m∗(∇A0)
2
should be added to Eq. (71), which represents the contribution of the electromagnetic ﬁeld
to the derivative correction of the one-nucleon loop. The corresponding contribution of the
ρ-meson ﬁeld is negligible in the isospin-symmetry vacuum. The Schr¨ odinger equations
(45), (46), and the Laplace equations (53), (54), (76), (77), must be solved numerically
in a self-consistent iteration procedure [4].
V. SUMMARY AND OUTLOOK
This paper develops a model to describe the bound states of negative energy in nuclei.
Instead of expanding the ﬁeld operator of the Dirac equation in plane waves of nucleons
with positive energy and negative energy, here the expansion is done with plane waves
for nucleons and anti-nucleons separately, both of them with positive energy. In this
case, the Dirac equations of both, the nucleon and the anti-nucleon, can be reduced to
Schr¨ odinger-equivalent equations. For each equation, we then search for only one solution,
i.e., the positive-energy solution. The numerical procedure used can be similar to the one
currently used in the relativistic mean ﬁeld theory for the bound states of positive energy,
except that one more equation for the anti-nucleon is implemented. Thus, the model is
solvable with existing techniques. The single-particle energy of the nucleon with negative
energy is just the negative of the single-particle energy of the anti-nucleon with positive
energy, i.e., the solution of the anti-nucleon’s Schr¨ odinger equation.
The contributions of the Dirac sea to the source terms of meson ﬁelds can be sepa-
rated into two parts, that is, the contributions of the negative-energy bound states and
the negative-energy continuum. In principle, one should use the wave functions of anti-
nucleons to evaluate the eﬀects of the bound states emerging from the Dirac sea. There
might exist a large number of anti-nucleons in bound states. Hence, it is apparently not
practical to calculate all those wave functions in the iteration procedure. Here we employ
the technique of derivative expansion for the one-meson and one-nucleon loop to take into
account the vacuum contributions of both the bound states and the continuum.
17In the next step, we will ﬁrst check the inﬂuence of the vacuum contributions on
the bound states of positive energy for which experimental data are available using given
parameter sets of the RMF model. Then, we use the available best-ﬁt routine [4] to search
for new sets of parameters with quantum corrections taken into account. We expect that
this RHA approach with the new parameter set will give an equivalent or even better
description for spherical nuclei as the RMF approach in the no-sea approximation. The
model can then be used to predict the spectrum of nucleons with negative energy. As
pointed out in the introduction, this is the ﬁrst step to approach the quest of the vacuum
correlation and the collective production of the anti-nuclei. Experimental eﬀorts in this
direction are presently underway [21].
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